L
Sine/Cosine Expressions

Warmup 1713
Simplify

sin? x
1)1 - COS X
1 +cosx

COS2 X

2) 1 — sin x

1 I +sinx

SIn x cosx—1
+ : 0
cosx+ 1 SIn X
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5.1 - Trigonometric Identities

Definitions 2/13

e ldentity: an equation that is true for all values for
which the equation is defined.

sin X 2n+ Dz
X #
COS X 2

tan x =

e Conditional: an equation that is true for some
values.

tanx =0 X =nrx

e Contradiction: an equation that has no true values.

sinx + cos?x = 2
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5.1 - Trigonometric Identities

Reciprocal Identities 3/13
1
CSCX = — X #nw
sin x
1 2n+ Dz
secx = X #
COS X 2
1 4 nr
cotx = X F —
1 tan x 2
Quotient Identities
sin x 2n+ Dz
tan x = X
COS X 2
COS X
cotx = X # Nx

SIN X
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5.1 - Trigonometric Identities

Pythagorean Identities 4/13
sin’ x + cos?x = 1 all real numbers
Cn+ Dz
tan’x + 1 = sec®x X :
cot?x+ 1 = csc?x X # nw

Even-Odd Identities

cos(—x) = cosx sin(—x) = — sin x
sec(—x) = secx csc(—x) = —cscx
tan(—x) = —tan x

cot(—x) = — cotx
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5.1 - Trigonometric Identities

Simplify the expression 5/13
a. tan xsin x + cos x Sec x
1 1
b. + 1

1 csc2x  sec?x

tan2 X




5.1 - Trigonometric Identities
Verify the identity 6/13

(sinx —cosx)>— 1 =—2sinxcosx
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5.1 - Trigonometric Identities

Verify the identity 7/13

a. (1 +sinx)[1+ sin(—x)] = cos®x

tanx — cot x . 5 5
- b . = SIN“ X — COS“ X
tan x 4+ cot x

cot? x sinx + 1
c. — =
1 —cscx SIN X
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5.2 - Sum and Difference Identities

8/13
Trigonometric functions are not distributive, for example:

COS(A + B) # cosA + cos B

Easy to prove. LetA = rand B = 0.

cos(r+0)=cosz=—1

cost+cosO=—-14+1=0




5.2 - Sum and Difference Identities

Deriving the Cosine difference of angles 9/13
AY '
(i)./l)# p P3 = (cos(a— B), sin(a - ﬂ/))
P, 3% = \P. //
P, = (cose, sina) o "\ P, = (cosp, sin ) /

(<1,0)/ 3 o A (-1, 0) X

t Ta.o — T =t
//, /
.‘ o i
\ dP1t0P2=dP3t0P4
P, = (cosa,sina) P; = (cos(a — f), sin(a — p))

P, = (cos f3,sin 3) P,=(1,0)

\/(cosﬁ —cos )’ + (sin f — sina)? = \/(1 — cos(a — f))* + (0 — sin(a — B))?




5.2 - Sum and Difference Identities

Deriving the Cosine difference of angles 10/13
(0‘_")1 ; P3 = (cos(a- B), sin(a - B))
I)I o - = P: &
P, = (cose, sina) prs . Py =(cosp, sinf) ;
(1.0) o X s (-1,0)
'~ /(1,0) |
//.
— -" o ~ x = >
| (0,-1) ©. 1)

\/(cosﬁ — cosa)’ + (sin f — sin a)? = \/(1 — cos(a — B))? + (0 — sin(a — B))?
(cos f — cos a)® + (sin f — sin a)? = (1 — cos(a — ))* + (0 — sin(a — B))?

cos® f — 2 cos a cos f + cos” a + sin’ f — 2 sin @ sin f + sin* a

=1 —2cos(a — fB) + cos*(a — B) + sin’*(a — ff)

2—2cosacosff—2sinasinff =2 —2cos(a — )
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5.2 - Sum and Difference Identities

Deriving the Cosine difference of angles 11/13
AY )
(i)./l)# p P; = (cos(a - B), sin(a - ﬂ/))
P~ P, e
P, = (cose, sina) o \ Py =(cosp, sinp) /
(<1,0)/ "2 o AR (-1.0) X
‘\\ 49 R Pi=d
E 4('0./—1) S

2—2cosacosf—2sinasinff =2 —2cos(a — f)

—2cosacosff—2sinasinff = —2cos(a — ff)

cos a cos f + sina sin f = cos(a — f3)
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5.2 - Sum and Difference Identities

Deriving the Cosine sum of angles 12/13
Start with the cosine difference identity

cos(a — ff) = cosacosff+ sinasinf

Substitute g with —p

cos(a — (—f)) = cosacos(—f) + sin a sin(—f3)

cos(a + f}) = cosacos ff —sina sin 3



L

5.2 - Sum and Difference Identities

cos(a — ff) = cosacos ff + sinasin f 13/13
cos(a + f) = cosacos ff — sinasin 3

Evaluate each of the following exactly:

V6 +/2
4

a. cosly’ cos(45° — 30°) =

cos<4” 37:) _V2-46

_|_
12 12

c. cos75° cos(120° — 45°) =

V6 -2
4




